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Abstract 

The group G„ of automorphisms of the algebra !„ := K{xi, . . . ,Xn, . . . , g§-, J^, . . . , J^) 
of polynomial integro-differential operators is found: 

G„ = 5„ X T" X Inn(I„) ^S„t<T" « GLoo(A') k ■ ■ ■ x GL^(_ft'), 

2" — 1 times 

Gi ~tV GLooW, 

where S„ is the symmetric group, T" is the n-dimensional torus, Inn(I„) is the group of inner 
automorphisms of I„ (which is huge) . It is proved that each automorphism a G Gn is uniquely 
determined by the elements a(xi)'s or o-(g|-)'s or a{J-)'s. The stabilizers in G„ of all the 
ideals of I„ are found, they are subgroups of finite index in Gn. It is shown that the group 
G„ has trivial centre, ij^" — K and ijj""''"' = K, the (unique) maximal ideal of In is the only 
nonzero prime G„-invariant ideal of !„ , and there are precisely n + 2 G„-invariant ideals of 
I„. For each automorphism cr G Gn, an explicit inversion formula is given via the elements 
a(^)anda(/J. 
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1 Introduction 

Throughout, ring means an associative ring with 1; module means a left module; N {0, 1, . . .} 
is the set of natural numbers; K is a field of characteristic zero and K* is its group of units; 
P„ := K[xi, . . . , Xn] is a polynomial algebra over K; di := := are the partial 

derivatives (X-linear derivations) of P„; End/f (P„) is the algebra of all isT-linear maps from P„ to 
Pn and Autx(P,i) is its group of units (i.e. the group of all the invertible linear maps from P„ to 
P,i); the subalgebra An '■— K{xi, . . . , Xn, di, . . . , d„) of Endi<-(P„) is called the n'th Weyl algebra. 

Definition, [5]. The Jacobian algebra A„ is the subalgebra of EndA'(P„) generated by the Weyl 
algebra An and the elements H^^, . . . , H^^ G Endi<-(P„) where 

Hi := dixi,. ..,Hn := dnXn- 



Clearly, A„ = 0^=1 - -^f" '^here Ai{i) := K{x„d^,H-'^) ~ Ai. The algebra 

contains all the integrations : P„ Pn, p ^ J pdxi, since 



/ = x^Hr'^ : x" ^ {a^ + ly^x^x" 

J i 



In particular, the algebra A„ contains the algebra I„ := K{xi, . . . ,Xn, di, ■ ■ ■ ,dn, J^^, ■ ■ ■ , J^^) 
of polynomial integro- differential operators. Note that I„ — ®^i=i^i{i) — Ilf" where fi{i) '■= 
K{xi,di,jy Let G„ := Autx_aig(Iri) and G„ := AutK_aig(A„)- 

The Jacobian algebra A„ is a (two-sided) localization A„ = S~^ln of the algebra I„ at a 
countably generated commutative monoid S ~ N'^'^-', each element of S' is a regular element of 
the algebra I„, |10| . In general, there is no connection between the groups of automorphisms of 
an algebra and its localization. As a rule, the latter is smaller than the former, and an automor- 
phism of the algebra cannot be extended to an automorphism of its localization (eg, the group 
Aut_fs-_aig(-Pn) is huge but AntK-a.igiK[x^^ , . . . , x^^] is a tiny group). Completely the opposite 
is true for the pair I„, A„ = S""^!,!: each automorphism of the algebra In can be extended to 
an automorphism of the algebra A„ (this is not straightforward since G„5 ^ S). Moreover, the 
group G„ can be seen as a subgroup of G„ f Theorem 15. 4p . and the group G„ is bigger than G„. 
This fact, i.e. G„ C G„, is one of the key moments in finding the group G„ as the group G„ was 
already found in [S]. 

The algebras Pan = Pf"^, A,, = Af'\ §„ = Sf", I„ = if" and A„ = Af" have similar defining 



relations: 



P2 = K{x,y) 
Ai = K{x,d) 
Si^K{x,y) 

h^K{d,H,J) : dJ^l,[H,J]=J,[H,d] = ~d,Hil-Jd) = il-Jd)H=l-J> 



yx-xy = 0; 
dx — xd = 1; 
yx = 1; 



Ai = K{x,H^\y) : yx ^ l,[H,x\ ^ x,[H,y] = -y,H{l - xy) = (I - xy)H = I - xy; 

where [a, h] :~ ab — ba is the commutator of elements a and b. It is reasonable to believe that 
that they should have similar groups of automorphisms. This is exactly the case when n = I: the 
groups of automorphisms of the algebras P2, Ai, Si, Ii and Ai have almost identical structure 
(when properly interpreted). Namely, each of the groups is a 'product' (in the last three cases it is 
even the semi-direct product) of an obvious subgroup of affine automorphisms and a non-obvious 
subgroup generated by 'transvections.' 

The group Autii:_aig(-P2) was found by Jung [15] in 1942 and van der Kulk [17] in 1953. 
In 1968, Dixmier [12j found the group of automorphisms of the first Weyl algebra Ai (in prime 
characteristic the group of automorphism of the first Weyl algebra Ai was found by Makar-Limanov 
[l8] in 1984, see also [4] for a different approach and for further developments). In 2000, Gerritzen 
[13] found generators for the group Autx-aig(Si)- For the higher Weyl algebras An, n > 2, and 
the polynomial algebras P„, n > 3, to find their groups of automorphisms and generators are old 
open problems, and solutions to the Jacobian Conjecture and the Problem/Conjecture of Dixmier 
would be an important (easier) part in finding the groups (positive solutions to these two problems 
would define the groups as infinite dimensional varieties, i.e. they would give defining equations 
of the varieties but not generators. To find generators one would have to find the solutions of the 
equations. A finite dimensional analogue of this situation is the group SL„: the defining equation 
det = 1 tells nothing about generators of the group). 

The Jacobian algebras A„ arose in my study of the group of polynomial automorphisms and 
the Jacobian Conjecture, which is a conjecture that makes sense only for polynomial algebras in 
the class of all commutative algebras [1]. In order to solve the Jacobian Conjecture, it is reasonable 
to believe that one should create a technique which makes sense only for polynomials; the Jacobian 
algebras are a step in this direction (they exist for polynomials but make no sense even for Laurent 
polynomials) . 
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The Jacobian algebras A„ were invented to deal with polynomial automorphisms. A study of 
these algebras led to study of 'simpler' algebras S„ [5 , the so-called algebras of one-sided inverses 
of polynomial algebras. This ended up in finding their groups of automorphisms Aut^f _aig(Sn), 
n > 1, and their explicit generators in the series of three papers [J and Recently, 
the groups Autif _aig(A„), n > 1, are found in ^9 . Finally, in the present paper the groups 
G„ := Autif _aig(In), n > 1, are found. 

• (Theorem 15.51 (1)) Gn = Sn ^ T" k Inn(I„) where Sn is the symmetric group, T" is the 
n-dimensional torus and Inn(I„) is the group of inner automorphisms of the algebra I„. 

• f Theorem I3.1l f2)) The map (1 + a„)* — t- Inn(I„), u H> cju, is a group isomorphism where 
Wii(a) := uau~^, (1 + a„)* := I* fl (1 + a„), I* is the group of units of the algebra I„, and an 
is the only maximal ideal of the algebra In- 

The paper proceeds as follows. In Section[2l some known results about the algebras I„ and A„ 
are collected that are used freely in the paper. 

One of the key ideas in finding the group G„ is the fact that the polynomial algebra P„ is the 
only (up to isomorphism) faithful simple I„-module (Proposition 3.8, jlO|). This enables us to 
visualize the group G„ as a subgroup of Aut/<-(_P„) (Corollary 13. 3^ : 

G„ = {o-y I ip e Autx(P„), (filnf^^ = In} where a^{a) := ipaip^^, a e I„. 

In Section |3l two 'rigidity theorems' are proved for the group G„: Corollary 13.71 and 

• (Theorem 13. 6|) (Rigidity of the group G„) Let a,T G G„. Then the following statements are 
equivalent. 

1. a = T. 

2. a(/J=r(/J,...,a(/J=r(/J. 

3. a{dx) = r(5i), . . . , (t(9„) = t(9„). 

4. cr(xi) = T(a;i), . . . ,CT(a;„) = T(a;„). 

In Sectional the group Gi and its explicit generators are found fTheorem l4.3p . The key ingredients 
of the proof of Theorem 14.31 are Fredholm operators, their indices and the Rigidity of the group 
Gi (Theorem 13. 6|) . It is proved that each algebra endomorphism of the algebra Ii is a monomor- 
phism (Theorem 14. 5|) . and no proper prime factor algebra of the algebra !„ can be embedded 
into the algebra I„ (Theorem I5.19|) . These two results have bearing of the Jacobian Conjecture 
and the Problem/ Conjecture of Dixmier {each algebra endomorphism of the Weyl algebra is an 
isomorphism). 

Section[S]contains the main results of the paper, a proof that G„ — Sn x T" k Inn(I„) (Theorem 
15. 5p is given. 

• (Theorem 15. 4p 

1. G„ = {(7 G Gn I o'(In) = In} and Gn is a subgroup of Gn. 

2. Each automorphism of the algebra I„ has a unique extension to an automorphism of 
the algebra I„ . 

• (Theorem 15. 15p The centre of the group G„ is {e}. 

• (Theorem 15. 17p In" = ^ ^'^'^ ijj""^^"'' — K , the algebras of invariants. 

Each automorphism a 6 G^ = S'n k T" k Inn(I„) is a unique product a — stxuiip which is called 
the canonical form of a where s S Sn, t\ G T", e Inn(I„) and G (1 + a„)* {(p is unique). 
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• (Corollary I5.10p Let a G G„ and a — stxuj^ be its canonical form. Then the automor- 
phisms s, t\, and bj^p can he effectively (in finitely many steps) found from the action of the 
automorphism a on the elements {Hi, di, \ i = 1, . . . ,n}: 

a{Hi) = Hs(i) mod a„, a{di) = X~^ds i) mod a„, cr{ ) = mod a„, 

Ji Js{i) 

and the elements if and ip^^ are given by the formulae i26]) and \2T^ respectively for the 
automorphism (st\)^^a G Inn(I„). 

The explicit formulae (j27p and (|26p are too complicated to reproduce them in the Introduction. 

• fCoroUarv IS.lip (A criterion of being inner automorphism) Let a £ G„. The following 
statements are equivalent. 

1. G Inn(I„). 

2. a{di) = di mod Un for i ^ 1, . . . ,n. 

3. cr(/.) = /. mod a„ for i = 1, . . . ,n. 

An inversion formula for cr G G„. The next theorem gives an inversion formula for cr G G„ via 

the elements {a{di), | i = 1, . . . , n}. 

• (Theorem I5.14p Let a G G„ and a = st\UJip he its canonical form where s G Sn, t\ G T" 
and LUip G Inn(I„) for a unique element ip € {1 + an)* . Then a^^ = s^^tg(^x-^)'^stx{ip-'^) *s 
the canonical form of the automorphism a^^ where the elements (p^^ and (p are given by the 
formulae J^Tp and \26\) respectively for the automorphism (st\)^^a G Inn(I„). 

In Section [51 the stabilizers in the group G„ of all the ideals of the algebra I„ are computed 
(Theorem 16. 2p . In particular, the stabilizers of all the prime ideals of I„ are found (Corollary 
111(2)). 

• fCorollarv l6.4l f3)) The ideal a„ is the only nonzero, prime, Gn-invariant ideal of the algebra 

In- 

• fCorollarv l6.4p Let p be a prime ideal of In ■ Then its stabilizer Sti^(p) is a maximal subgroup 
of the group G„ iff n > 1 and p is of height 1, and, in this case, [G„ : StG„ (p)] — n. 

• (Corollary 16. 3p Let a he a proper ideal of In- Then its stabilizer StG„(a) has finite index in 
the group G„. 

• (CoroUarv 16. Sp If a is a generic ideal of In then its stabilizer can he written via the wreath 
products of the symmetric groups: 

t 

StG„(a) = {Sm X \{{Sh, I Sn,)) K T" K Inn(I„), 

1=1 

where I stands for the wreath product of groups. 

Corollarv 16.61 classifies all the proper G„-invariant ideals of the algebra I„, there are exactly n of 
them. 



2 The algebras I„ and A,^ 

In this section, for the reader's convenience we collect some known results about the algebras I„ 
and A„ from the papers [H [SI US] that are used later in the paper. 

The algebra I„ is a prime, central, catenary, non-Noetherian algebra of classical Krull dimension 
n and of Gclfand-Kirillov dimension 2n, [10]. Since Xi — J^Hi, the algebra I„ is generated 
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by the elements {di,Hi,J^ \ i — l,...,n}, and I„ = where K{di,Hi, J^) — 

K{di^Xi^ J.) ~ Ii. When n = 1 we usuaUy drop the subscript '1' in di, J^, Hi, and xi. The 
following elements of the algebra Ii = K{d, H, J), 

- r'd^+\ i,jeN, (1) 



satisfy the relations: CijCki — 6jkeu where Sij is the Kronecker delta. The matrices of the linear 
maps Cij G End/f (^[a:]) with respect to the basis {x^'^l := frlseN of the polynomial algebra K[x] 
are the elementary matrices, i.e. 



C27 ^ X 



a;['] if j = s, 
ifjT^s. 



The direct sum F :— - -^^^ Kcij is the only proper (hence maximal) ideal of the algebra Ii. As 
an algebra without 1 it is isomorphic to the algebra without 1 of infinite dimensional matrices 

via Cij I— >■ Eij where E^j are the matrix units. For all 

y'e.,=e,+i,„ e,,y' = e,,_i, de,, = e^.^,, = e,,+i, (2) 

where e„i := and ei__i := 0. The algebra I„ ^^^i^ii"^) contains the ideal F„ := F*^" = 
<S>7=iPi^) = ®a,peN^Keap where e„/3 := 11^=1 ea,ft(i) " - /"'^^ 9f +^ and 

Proposition 2.1 [TU] 

T/ie algebra I„ is generated by the elements {di, J^, Hi\i — 1, . . . ,n} that satisfy the following 
defining relations: 

: f^l, [H,, f] - /, [H,,d,] = H,{1 - j d,) = (1 - [ d,)H, = 1 - ( 

J i J i J i J i J i J i 

Vi ^ j ■■ ttiUj = UjOi where Uk e {dk, / 

Jk 



2. The algebra I„ — (^"^j^ I?i(i)(cri, 1) = -D„(((Ti, . . . ,cr„), (1, . . . , 1)) is a generalized Weyl alge- 
bra (7, ^ Xi, 5, ^ -n- HJ where := {g)"^i i:'i(i), i:'i(i) 0j>o Kejj{i), 
Hiejjii) = ejj{i)Hi =^ {j + l)ejj(i), and the K -algebra endomorphisms Gi are given by 
the rule Oiia) :— J^adi (ai{Hi) — Hi — I, ai{ejj{i)) = ej+i.j+i(i)j. Moreover, the al- 
gebra In = 0Qgz" '"^ "L^ -graded where ln,a — DnVa — VaDn for all a G Z" where 

\d-' ifj<0. 

Remark. Note that (Tj(l) = Ji 9i = 1 — eoo(i) ^ 1 for all i = 1, . . . , n. 

Definition. Let A and B be algebras, let J'{A) and J{B) be their lattices of ideals. We say 
that a bijection / : J{A) — >■ is an isomorphism if /(a * b) = /(a) * /(b) for * e {+, •, n}, 

and in this case we say that the algebras A and B are ideal equivalent. 

The ideal equivalence is an equivalence relation on the class of algebras (introduced in [TO])- 
The next theorem shows that the Jacobian algebra A„ and the algebra I„ are ideal equivalent. 

Theorem 2.2 [1(1 The restriction map J{Kn) — J{^n), a H> o'' := anl„, is an isomorphism 
(i.e. (oi * 02)"" = a\*a2 for * e {+, •, n}j and its invcTSG is the extension uidp b b"^ i — A^^bA^^. 
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The next corollary shows that the ideal theory of I„ is 'very arithmetic.' In some sense, it is 
the best and the simplest possible ideal theory one can imagine. Let Bn be the set of all functions 
/ : {1, 2, . . . , n} {0, 1}. For each function / G Bn, If ■— //(i) (8) • ■ • €5 //(„) is the ideal of I„ 
where Iq :— F and Ii := Ii. Let C„ be the set of all subsets of Bn all distinct elements of which 
are incomparable (two distinct elements / and g of Bn are incomparable if neither /(i) < g{i) nor 
/(*) > 9{i) for all i). For each C G C„, let Ic '■— J2f£C^f^ ideal of I„. The number 0^ of 
elements in the set C„ is called the Dedekind number. It appeared in the paper of Dedekind . 
An asymptotic of the Dedekind numbers was found by Korshunov 1161 . 

Recall that a submodule of a module that intersects non-trivially each nonzero submodule of 
the module is called an essential submodule. 

Corollary 2.3 \W\ 

1. The set of height one prime ideals of the algebra I„ is {pi :— F (gi I„_i,pi :— Ii (S> F (E) 
I„_2, . . . ,p„ := I„-i F}. 

2. Each ideal of the algebra I„ is an idempotent ideal (a^ — a). 

3. The ideals of the algebra I„ commute (ab = ha). 

4. The lattice ^^(Iri) of ideals of the algebra I„ is distributive. 

5. Each nonzero ideal of the algebra I„ is an essential left and right submodule of In- 

6. ab = a n b for all ideals a and b of the algebra I„. 

7. The ideal a„ ;= pi + • • • + pn is the largest (hence, the only maximal) ideal of In distinct 
from \n, o-nd Fn = i^®" = Cl^^ipi is the smallest nonzero ideal o/I„. 

8. (A classification of ideals of I„) The map C„ — > J'i\), C ^ Ic ■— "^f^c^f bijection 
where 1% := 0. The number of ideals of In is equal to the Dedekind number 0„. For n ~ \, 
F is the unique proper ideal of the algebra Ii . 

9. (A classification of prime ideals of I„) Let Sub^ be the set of all subsets 0/ {1, . . . , n}. The 
map Sub„ Spec(I„), / n> p/ := X^ie/P^' 1— > 0, is a bijection, i.e. any nonzero prime 
ideal o/I„ is a unique sum of primes of height 1; |Spec(I„)| — 2"; the height of pi is \I\; and 

10. Pi C Pj iff I C J. 

The involution * on the algebra I„. Using the defining relations in Proposition 12 . 1 1 f 1) . we 
see that the algebra In admits the involution: 

* : I„ ^ I„, I , I ^ ^^, H.^Hi, i = 1, . . . , n, (3) 

Ji J i 

i.e. it is a _fC-algebra anti-isomorphism {{ab)* ~ b*a*) such that * o * = idi,^. Therefore, the 
algebra I„ is self-dual, i.e. is isomorphic to its opposite algebra 1°^. As a result, the left and the 
right properties of the algebra I„ are the same. For all elements a, (3 € N", 

e*ai3 = e/3a- (4) 
The involution * can be extended to an involution of the algebra A„ by setting 

x:=HA, dl^j, {Ht^Y^Ht\ i = l,...,n. 

J i 

Note that y* = (iJ-'S,)* = /, H^^ = x,Hr\ A*^ % An, but Z* = I„ where I„ := K{d^, 5„ /„..., /„} 
is the algebra of integro-differential operators with constant coefficients. 



6 



For a subset 5 of a ring R, the sets l.ann/i(S') {r G i? | r5 = 0} and r.annij(S') ;= {r e 
R \ Sr = 0} are called the /e/Z and the right annihilators of the set S in _R. Using the fact that the 
algebra I„ is a GWA and its Z"-grading, we see that 

Lanni„( f) = ^ Keko{i)^^li{3). r.anni„( /) = 0. (5) 
r.annija,) = i^eofc(^) (g) (g) l.anni„(90 = 0. (6) 

feeN i^j 

Let a be an ideal of the algebra I„. The factor algebra I„/a is a Noetherian algebra iff a = a„, 
[lOj . The factor algebra _B„ :— I„/a„ is isomorphic to the skew Laurent polynomial algebra 

n 

(g) Km [5„ d^^-n] = Vn[dt\ . . . , n, . . . , r„], 

1=1 

via (9i 9i, /. n- iJi m> Hi (and a;^ i— > d^^Hi) where Vn '■= K[Hi, . . . ,H„] and Ti{Hi) — 
Hi + 1. We identify these two algebras via this isomorphism. It is obvious that 

n 

Sn = (g) K[Hi][zi, z~^; (Ti] = Vnizf^, z^^;ai,. . . , cr„], 
1=1 

where Zi := d^^ and Oi — : Hi ^ Hi — 1. We use this alternative presentation of the algebra 
Bn in order to avoid awkward expressions like later. By Theorem l2.21 is the only maximal 
ideal of the Jacobian algebra A„. The factor algebra An '■= A„/ofj is the skew Laurent polynomial 
algebra 

An = C-n \^\ 1 • • • 1 ^n i "^1 5 • • • 5 '^n] ^ ^n [^i ; ■ • ■ i ^n ' ^1 ; • • • ; '^n] ^ ^n [^i ; ■ ■ • ; Z^ ; fJi , . . . , Cn] 

where := K[H^\ iH,±l)-\ {H,±2)-\ . . .^H^\ (ff„±l)-\ (i/„±2)-\ . . .], T,(i/,) - 
where 6ij is the Kronecker delta and ai = . By Theorem 12.21 af[ = a„, hence the algebra 
Bn is a subalgebra of Moreover, the algebra An is the localization of the algebra Bn at the 
muhiphcatively closed set {{Hi + ai)"! • ■ • (i?„ + a„)™" | (a,) G Z", (mO e N"}. The algebra 
B„ is also the left (but not right) localization of the algebra I„ at the muhiphcatively closed set 
Sa,,...,a^ ■■= [dT ■ • - SM (a,) e N"}, B„ ~ 

3 A description of the group G„ and two criteria 

In this section, the key ingredients of the group G„ are introduced, namely, the groups S'„, T" 
and Inn(I„). The subgroup of G„ they generate is their skew direct product 5„ k T" k Inn(I„). 
An important description of the group G„ is given (Corollarv l3.3l (2)). and two criteria of equality 
of two automorphisms of the algebra I„ are obtained (Theorem 13.61 and Corollary 13.71) . 

The group of inner automorphisms Inn(I„) of the algebra I„. For a group G, let Z{G) 
denote its centre. Since a„ is an ideal of the algebra I„, the intersection (1 + a„)* :— I* n (1 + a„) 
is a subgroup of the group I* of units of the algebra I„. 

Theorem 3.1 1. (Theorem 4.5, [TO]) ll=K* y.{l + a„)* and Z(i;) = K* . 

2. The map (1 + a„)* — S> Inn(I„), u i— !■ uju, is a group isomorphism where w„(a) :— uau~^, i.e. 
Inn(I„) = {w„ |u e (1 + a„)*}. 

3. 11= K* X {1 + F)* ~ if* X GLoo(i^). 
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Proof. Statement 2 follows from statement 1. Statement 3 follows from statement 1 and the 
fact that (1 + F)* ~ GLoo{K). □ 

The torus T". The n-dimensional torus T" {t\ \ A = (Ai, . . . , A„) G if*"} is a subgroup of 
the group G„ where 

tx{f)^\f, txid,) = X-^d,, txiH,)^H,, t = l,...,n. 

J i J i 

Note that tx{xi) = X,Xi since = J.Hi. T" = HlLi ^^(*) where Ti(i) :^ {tx{i) := i(i,...,i,A,i,...,i) I 
A G K*} and the scalar A is on z'th place. 

The symmetric group S'„. The symmetric group Sn is a subgroup of the group G„ where, 
for T e Sn, 

r(/)= / , T{di)^dr(i), T{Hi) ^ H^(i-^, i^l,...,n. 

The subgroup of G„ generated by S'„ and T" is the semi-direct product S'„ x T" since S^nT" = {e} 
and 

TtxT^'^ = t^(X) where t(A) (A^-i(i), . . . , A^-i(„)), (7) 

for all T &Sn and e T". 

Since o„ is the only maximal ideal of the algebra I„, (T(a„) = o„ for all <j G G„. There is the 
group homomorphism (recall that Bn = In/a„): 

^ : G„ AutK-aig(S„), (T (ct : a + a„ H> o-(a) + a„). (8) 

The subgroup Sn x T" of G„ maps isomorphically to its image and ^(Inn(I„)) = {e}, by Theorem 
13.11 (2'). Therefore, the subgroup GJ^ of G„ generated by the subgroups S'„, T", and Inn(I„) is 
equal to their skew direct product, 

G; = Sn K T" K Inn(I„). (9) 
The goal of the paper is to prove that G„ — G^ (Theorem 15. 5p . 

A description of the group G„. Let A be an algebra and a be its automorphism. For an 
A-module M, the twisted A-module "'M, as a vector space, coincides with the module M but the 
action of the algebra A is given by the rule: a ■ m :— a{a)m where a G A and m G M . The 
next lemma is useful in finding the group of automorphisms of algebras that have a unique faithful 
module satisfying some isomorphism-invariant properties. 

Lemma 3.2 Suppose that an algebra A has a unique (up to isomorphism) faithful A-module M 
that satisfies an isomorphism- invariant property, say V . Then 

AutK_aig(A) = {cTy I G AutK(A/), ipAif-^ = A} 

where G^{a) := ipaLp^^ for a G A, and the algebra A is identified with its isomorphic copy in 
EndK{M) via the algebra monomorphism a ^ (m ^ am). 

Proof. Let a G Autif_aig(^). The twisted A-module "M is faithful and satisfies the property 
V. By the uniqueness of Af, the A-modules M and M are isomorphic. So, there exists an element 
ip G Aut/f (M) such that ipa = a{a)(p for all a G A, and so cr{a) = (pacp^^, as required. □ 

Example. The matrix algebra Md{K) has a unique (up to isomorphism) simple module which 
is K"^ . Then, by Lemma [3.21 every automorphism of Md{K) is inner. 

Recall that the polynomial algebra Pn is a unique (up to isomorphism) faithful, simple module 
for the algebra I„ (Proposition 13.41 (1)) and the algebra A„, [5]. 
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Corollary 3.3 1. [5] G„ = {<j,^\(p G Autif(P„), tpKnf ^ = A„} where <Jip{a) :— ipaip ^, 
a e An- 

2. Gn = {fJ^ I ip e AutK(^'n), <y5l„i^^-^ = I„} where a^{a) := (^0(^9"^, a G I„. 
In [9], Corollary 13.31 (1) was used in finding the group Gn- 

The automorphism * G Aut(G„). The involution * of the algebra I„ induces the automor- 
phism * of the group G„ by the rule 

* ■- Gn — > G„, (7 M> =(! O (7 o (10) 

The I„-module P„ . By the very definition of the algebra I„ as a subalgebra of End/^ (P„ ) , the 
I„-module P„ is faithful. For the Weyl algebra An, the A„-module ^n/X]"=i ^n<9i is isomorphic 
to Pn via 1 + X]r=i Ai^i 1. The same statement is true for the algebra I„ (Proposition 13.41 f3) V 

Proposition 3.4 [10] 

1- The polynomial algebra Pn is the only (up to isomorphism) faithful, simple In-module- 

2- Ii^lia01ieoo andh^ /Ii0eooli. 

3- i„p„ 2ii„/^;'^^i„a,. 

The I„-module P„ is a very special module for the algebra I„. Its properties, especially the 
uniqueness, are used often in this paper. The polynomial algebra P„ = 0Q,g[^7i Kx" is a naturally 
N"-graded algebra. This grading is compatible with the Z"-grading of the algebra I„, i.e. the 
polynomial algebra P„ is a Z"-graded I„-module. Each element dj G !„ C Endi<-(P„) is a locally 
nilpotent map, that is P„ = Uj>i kerp„(9^). Moreover, 

n 

f|kerp„(aO - if. 

i=l 

Each element J- G !„ C Endi<-(P„) is an injective (but not a surjective) map. Each element 
G I„ C Endx(Pn) is a semi-simple map (that is P„ = ^^^j^keTp^{Hi — A)) with the set of 
eigenvalues Z+ {1, 2, . . .} since Hi * x" ~ (a.; + for all a G N". Moreover, 

n 

p|kerp„(ii, -(«, + !)) =ifx", a gN". (11) 

i=l 

In particular, the K[Hi, . . . , iJ„]-niodule P„ = ®QgN" is the sum of simple, non-isomorphic, 
one-dimensional submodules Kx"', and so P„ is a semi-simple . . . , iJ„]-module. 

Corollary 3.5 L Let M be an In-module- Then Homi,^ (P„, M) ~ 0"=! ker(9i.Af ), / i-> /(I); 
where di^M ■ M M, m ^ dim- In particular, Endi„(P„) ~ K- 

2- By Proposition \3-Ji\ ( 1,3), for each automorphism a G G„, the l„-modules Pn and Pn are 
isomorphic, and each isomorphism f '- Pn ^ Pn is given by the rule: f{p) — cy{p) *v, where 
V = /(I) is any nonzero element of the 1-dimensional vector space 0"=! ^^^i'^i'^i)Pn)- 

As an application of these results to the I„-module P„, we have two useful criteria of equality 
of two elements in the group G„. They are used in many proofs in this paper. 

For an algebra A and a subset S C A, Cen^(S') := {a € A\as = sa for all s G 5} is the 
centralizer of the set 5 in A- It is a subalgebra of A- It follows from the presentation of the 
algebra I„ as a GWA that 

Ceni[„(a;i, .--,Xn)^ Pn, Ceni^{di, . . . ,(9„) = K[di, . . . ,5„], Ceni„( /,..., i ) = K[l - - , / ]. 

(12) 
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In more detail, since I„ = ^7=i suffices to prove the equalities for n — 1, but in this case 

the equalities are obvious. 

Let E„ := Endif _aig(In) be the monoid of all the X-algebra endomorphisms of I„. The group of 
units of this monoid is G„. The automorphism ^ G Aut(G„) can be extended to an automorphism 
^ G Aut(E„) of the monoid E„: 

? : E„ — ^ E„, a * o a o . (13) 

For each element a G N", let xl"! := /" *1. Then a;["l := ^ := HLi ^ and the set {a;["l | a G 
N"} is a X-basis for the polynomial algebra P„. The next result is instrumental in finding the 
group of automorphisms of the algebra I„ . 

Theorem 3.6 (Rigidity of the group G„) Let a,T G G„. Then the following statements are 
equivalent. 

1. a = T. 

2- a(/J = r(/J,...,a(/J = r(/J. 

3. a{d,)^T{di),...,a{dn)^T(dn). 

4. cr(xi) = t{xi), cr{xn) = rixn). 

Remark. It is not true that a{Hi) — T{Hi) for alH = 1, . . . , n implies a — t (Corollarv l5.9l f2)). 

Proof. Without loss of generality we may assume that t = e, the identity automorphism. The 
proof consists of two parts: (1 <^ 2 3) and (4^1). Consider the following two subgroups of 
G„, the stabilizers of the sets {/^, . . . , /^} and {i9i, . . . , 9„}: 

StG„(^, ■■■^jy-= e G„ I .g(/J = /,,.. . ,.g(/J = /„}, 
StG„(9i, . ..,d„) := {g G G„ I g{di) = 9i, . . .,g{dn) = 9„}. 

Then 

^(stG„( / )) = stG„(ai,...,5„), ^(stG„(ai,...,9„)) = stG„( /). 

Jl Jn Jl Jn 

Therefore, to prove that (1 <^ 2 <^ 3) (where r = e) is equivalent to show that StG„(/2, . . . , J^J = 
{e}. So, let cr G StG„(/j, . . . , /„). We have to show that cr = e, i.e. a{di) = di and a{Hi) = Hi 
for all i. For each i — 1, . . . , n, 1 — a{di /.) = a{di) J. and 1 = di /-. By taking the difference of 
these equalities we see that a.^ := cr((9i) — di G l.anni,^(J.). By ([S]), a.^ = X]j>o ^ij^jo{i) for some 
elements G and so 

a-{di) = 5i + ^ XtjCjoii)- 

The element a{di) commutes with the elements fl/j.) — Ji^i k i, hence all G K[Ji, ■ • ■ : /^i ■ • ■ j /„]: 
by (|12p . Since ejo(i) = // eoo(*): '^'^ can write 

a{di) ^ di + pieooii) for some £ K[J^, . . . , J ]. 

We have to show that all pi = 0. Suppose that this is not the case. Then pi for some i. 
We seek a contradiction. Note that cr^^ G StG„(/;^, . . • ,/„)j and so a^^{di) = di + <?ieoo(i) for 
some qi G K[J^, . . . , /^J. Recall that eoo(i) = 1 - ^i- Then cr"i(eoo(j)) = 1 - /,(9i + gieoo(«)) = 
(1 ~ /I'jOeoolOj and 

d,, = a-"V((9j) = (T"^(9i +Pieoo{i)) = di + {qi + Pi{l - / qi))eoo{i), 
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and so + ^ J. p^q,, since the map K[j^, •■•'/„] ^ ^[Si^ • ■ • ' /nl'^oo, P ^ peoo, is a bijection, 
by This is impossible by comparing the total degrees (with respect to the integrations) of the 
elements on both sides of the equality. Therefore, (j{di) = di for all i. 

By Corollary 13.51 there is an I„-module isomorphism 1^9 : P„ — > Pm p ^ f (p) * v — p * v — pv, 
where v := <p(l) £ n^Li ker<Tp^^ (CT(9i)) = 0"=! kerp„(9i) = Kl. Without loss of generality we may 
assume that v = \. Then 1 = = tf{Hi * 1) = a{Hi) * 1 for all i. For i = 1, . . . , n, 



= a{ / ){<J{H,) + a,) * 1 = / (a, + 1) * 1 = {a, + 



This means that the linear maps a{Hi), Hi £ Endx(^rt) coincide. Therefore, <T{Hi) — Hi for all i 
since the I„-module P„ is faithful. This proves that a — e. 

(4 => 1) Suppose that a{xi) = Xi for all i. Then ct(p) = p for all polynomials p ^ Pn- We have 
to show that a = e. By CoroUarv 13. 5[ there exists the I„-module isomorphism f : Pn ^ '^Pn, 
p I— >■ cr(p) * p = pv. The map / is a bijection hence v S K* . Without less of generality we may 
assume that v — I, then / = idp^. Let a G {di, Hi, J^} and b e P„. Then 

a *b = f{a * b) = a{a) * f{b) = a{a) * b, 

and so (7(a) = a since the I„-module P„ is faithful. This means that a = e. The proof of the 
theorem is complete. □ 

Theorem 13.61 means that StG„ (/ii • • • i /„) — StG„ {di, ■ ■ ■ , dn) = StG„ {xi, . . . ,Xn) — {e}. 

In zero characteristic, the Weyl algebra is the ring 2?(P„) of differential operators on the 
polynomial algebra P„. In prime characteristic, the Weyl algebra An and the algebra V{Pn) are 
distinct, and the algebra 'D{Pn) is much more complicated object than the Weyl algebra An- An 
analogue of Theorem 13 . 61 does not hold for the algebra I?(P„) in characteristic zero, but does hold 
in prime characteristic (Theorem 1.1, [3]). Also, the Rigidity Theorem is true for the Jacobian 
algebra A„ (Theorem 4.12, [9]) and for the algebra §„ of one-sided inverses of the polynomial 
algebra P„ (Theorem 3.7, [6]) but the Rigidity Theorem fails for the polynomial algebra P„. 

The ideal P„ is the smallest nonzero ideal of the algebra I„. Therefore, cr(P„) = P„ for all 
a G G„. The next corollary shows that the action of the group G„ on the ideal P„ is faithful. 
This result is used in the proof of the fact that the group G„ has trivial centre (Theorem I5.15P . 

Corollary 3.7 Let a,T ^ G„. Then a — t ijf (j{eao) — T{eao) for all a G N" iff cr{eoa) — T(eoa) 
for all a G N" iff a{ec,f}) = T(e„^) for all a,/3 G N". 

Proof. The last 'iff' follows from the previous two. The second 'iff' follows from the first one by 
using the automorphism ^ of the group G„: cr = r iff ^((t) = ^(t) iff ^(cr)(eQo) = ^(''")(eQo) for all 
a G N" (by the first 'iff') iff (T(eoa)* = T{eoa)* for aU a G N" (since e*Q = cqq) iff o-(eoQ) = T(eoa) 
for ah a G N". 

So, it remains to prove that if cr(eQo) = T{eao) for all ct G N" then a — t. Without loss of 
generality we may assume that t — e, the identity of the group G„. So, we have to prove that if 
"■(ecto) = Gcto for all a G N" then a — e. For each number i — 1, . . . ,n, 

= (1 - eoo(^)) * 1 = ct(1 - eoo(«)) * 1 = * 1 = <J{JM^^) * 1, 

and so = (j{di)a{J.)a{di) *1 ^ a{di Ji)cr{di) *1 ^ a{di) * 1, i.e. fXi=l'i^er{a{^^)pJ = K. By 
CoroUarv 13.51 (2). the map / : P„ — > °^P„, p 1— !> <j{p) * 1, is an I„-module isomorphism. Now, 
/(x") = f{a\ean * 1) = a{a\eao) *l — alcao * I = x°' for aU a G N" where a! :— ail ■ ■ •«„!. This 
means that / is the identity map. For all a G I„ andp G Pn, a*P — fia,*p) = cf{a)*f{p) — a{a)*p, 
and so a{a) = a since the I„-module P„ is faithful. That is ct = e, as required. □ 
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Corollary 3.8 1. Let a he a nonzero ideal of the algebra I„ and cr, r G G„. Then a — t iff 
cr(a) = T(a) for all a G a. 

2. Let a be a nonzero ideal of the algebra A„ and a,T € G„. Then a = t iff a [a) = r(a) for all 
a G a. 

Proof 1. Since F — 0^ ^gj^„ Kcafs Q a, statement 1 follows from Corollary 13. 71 

2. Similarly, since F = 0^ ^gf^„ Kcap C a, statement 2 follows from (Corollary 4.6, [5]). □ 

4 The group Autif_aig(Ii) 

In this section, the group Gi and its explicit generators are found (Theorem 14. 3p . The key idea 
in finding the group Gi of automorphisms of the algebra Ii is to use Theorem 13. 6[ some of the 
properties of the index of linear maps in the vector space Pi = K[x\, and the explicit structure 
of the group Autif_aig(Ii/-F) (Theorem 14. ip . It is proved that any algebra endomorphism of the 
algebra Ii is a monomorphism (Theorem 14.5^ : note that the algebra Ii is not a simple algebra. 

The group Gi := AutK-aig(Si). Recall that Bi = K[H][x,x-'^;a] and a{H) ^ H - 1. 
Consider the following automorphisms of the algebra Bi: 

tx: Xx, H ^ H, (A e K*) 

Sp : x^x, Hh^H + p, {peK[x,x~^]) 
^ : X 1-^ x^^ , H M> -i/, 

and the subgroups they generate in the group Gi: 

Ti := {<A I A £ iC*} ~ /C*, Shi:^{sp\peK[x,x-^]}c^K[x,x-^], (C) 2± Z2 := Z/2Z. 

We can easily check that 

C^aC^^ = CspC^ = s-c(p), txspt^^ = St^(p). (14) 

It follows that the subgroup of Gi generated by the three subgroups above is, in fact, their 
semidirect product, 

(0 K K Shi ~ Z2 K iC* X K[x,x-'^], 
since, for £ = 0, 1; A G K*; and p G K[x, x^^]: 

Ctxsp-.x^ Xx^-^', i-iy H + Ctxip), (15) 

and (^t\Sp = e iff e = 0, A = 0, and p — 0. Theorem 14.11 shows that this is the whole group of 
automorphisms of the algebra Bi . 

For a group G, [G, G] denotes its commutant, i.e. the subgroup of G generated by all the group 
commutators [a, b] := aba~^b~^ of the elements a,b £ G. The centre of a group G is denoted 
by Z{G). For subgroups A and B of the group G, let [^,-8] be the subgroup of G generated by 
all the commutators [a, b] where a G A and b G B. Given a skew direct product A k YiiLi Bi of 
groups such that aBia~^ C Bi for all a G >1 and i = 1, . . . , m; then its commutant is equal to 
[A, A] X nlli([^> Bi] ■ [Bi, Bi]) (Lemma 5.4.(2), g]). This fact is used in the proof of the following 
theorem. 

Theorem 4.1 1. Gi = (() k ck Shi. 

2. Z(Gi) = {e}. 

3. [Gi,Gi] ^ {tx2\Xe K*} X Shi anrf Gi/[Gi, Gi] ~ Z2 x K*/K*^. 
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Proof. 1. Let cr e Gi and Gi be the skew direct product. It suffices to show that a G Gi since 
Gi C Gi- The automorphism a of the algebra Bi induces an automorphism of its group of units 
Bl = \J^^^K*x\ Then a{x) = Xx^^ for a nonzero scalar A G K*. Multiplying a on the left by a 
suitable element of the group {() x we may assume that <j{x) = x. Then 

[a{H) - iJ, a;] = a{[H, x]) - [iJ, x] = a{x) - x ^ 0. 

Therefore, p := cr{H) — He CenBj(x) = K[x,x~^], and bo a = hp E G^. This proves that 
Gi = G^. 

2. Let z e Z{Gi). By statement 1, z — C,'^t\Sp for some elements £ = 0, 1; A G K*; and 
p e K[x,x^^]. By (fT4)) . (^^txfj.St _^(p) — zi^ = i^z Ctx^i-2ESp, hence e = and p E K. Next, 
C^pSp = Cz = = (t^-is-p, hence /i = ±1 and p = 0, i.e. z = t±i. Since Sxt-i ^ i-is^, 
^ = ^ e. Therefore, Z(Gi) = {e}. 

3. It suffices to prove only that the equality holds since then the isomorphism is obvious, by 
statement 1. Let R be the RHS of the equality. Then R C [Gi, Gi] since 

2J -1 

where 7^ j G Z, A £ K*, and fi E K. It suffices to show that [Gi/Shi, Gi/Shi] C R' where 
R' := {tx2 I A e K*} is treated as a subgroup of the factor group Gi/Shi ~ {() k T^. By Lemma 
5.4, |9j, [(C) K T\ (0 K Ti] = [(C), Ti] = R'. □ 

The index ind of linear maps and Predholm operators. Let C = C{K) be the family of 
all ii'-linear maps with finite dimensional kernel and cokernel (such maps are called the Fredholm 
linear maps/operatorts). So, C is the family of Fredholm linear maps/operators. For vector spaces 
V and J7, let C{V, U) be the set of all the linear maps from V to U with finite dimensional kernel 
and cokernel. So, C = Uyc/^(^' ^) disjoint union. 

Definition. For a linear map (ys G C, the integer 

ind((^) :— dimker((y5) — dimcoker((/3) 

is called the index of the map ip. 

Example. Note that 5, / G Ii C EndK(Pi). Then 

ind(aO = i and ind( j ) = -i, i>l. (16) 

Each nonzero element u of the skew Laurent polynomial algebra Ai = £,i[x,x~^;cri] (where 

<Ji{H) — H — 1) is a, unique sum u = Xsx" + Xs+ix"^^^ H h Xdx'^ where all Ai G Ci, Xd 7^ 0, and 

Xdx"^ is the leading term of the element u. Recall that Ci :— K[H^^, {H ± 1)~^, {H ± 2)"^, . . .], 
Bl C ^1, and Ii C Ai. The integer Aeg^{u) — d is called the degree of the element m, deg^(O) := 
—00. For all u,w G Ai, deg^(Mu) = Aeg^{u) + deg^{v) and deg^{u + v) < in.d,x.{(ieg^{u) , deg^(v)} . 
The next lemma explains how to compute the index of the elements Ai\F (resp. Ii\i^) via the 
degree function deg^ and proves that the index is a Gi-invariant (resp. a Gi-invariant) concept. 
Note that FnC = 9. 

Lemma 4.2 1. [9j C n Ai = Ai\F (recall that Ai C EndK{Pi)) and, for each element a G 
Ai\F, ind (a) = — deg3.(a) where a = a + FGAi/F — Ai. 

2. ind(cr(a)) = ind(a) for all cr G Gi and a £ Ai\F. 

3. C n Ii = IiV-F; for each element a G ind(a) — — deg^(a) where a — a + F E Bi; and 
ind(CT(a)) — ind(a) for all ct G Gi and a G . 
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Proof. Since I„ C A„, statement 3 follows from statements 1, 2 and Corollary I3.3l f2)). □ 

The next theorem presents the group Gi and its explicit generators. 
Theorem 4.3 1. Gi=T^ k Inn(Ii). 

2. Gi ~ X* IX GLoc^iK). 

3. [Gi,Gi] ^ {a;„ |u e SLoo(i^)} and Gi/[Gi,Gi] ~ x T^. 

4-. The group Gi is generated by the elements t\, wi+Ae; where i ^ j and A £ K* , and wi+^en 
where fi G K\{ — 1}. 

Proof. 1. Let (T G Gi. By dH), Gi = x Inn(Ii) C Gi. It remains to show that the 
reverse inclusion holds, that is cr £ G[. The ideal F of the algebra Ii is the only maximal 
ideal. Therefore, a{F) = F and a := ^(cr) G Gi, see ([8]). By Theorem liTlfl) and (US]), either 
W{d) = Xx~^ or, otherwise, 'a{d) = Xx for some element A G K* . Equivalently, either (7(9) — Xd+f 
or a{d) = Xj +f for some element f E F. Recall that Ii C Ai. By Lcmma[321(3) and Corollary 
I3.3I ('2). the second case is impossible as we have the contradiction: 

1 ind(a) ind(CT((9)) = ind(A J +/) = md{XxH-^ + f) ^ - deg^{XxH-^) ^ -1. 

Therefore, <j{d) = Xd + f. Replacing a by t\a we may assume that a-(d) = d + g where g := 
t\{f) E F {as F is the only maximal ideal of the algebra Ii, hence t{F) — F for all r G Gi). Fix 
a natural number m such that g G '}2'^j=o ^^ij- Then the finite dimensional vector spaces 

are ^'-invariant where d' :— <T{d) ~ d + g, := and :— 1. Note that i9' * ^I^+^l = 
(9 * since 5 * xl^+^l = 0. Note that Pi = Ui>i ker(9*) and dimkerpi(9) = 1. 

Since the Ii-modules Pi and "^Pi are isomorphic (Corollary [XS] (2)), Pi = Ui>i k^'"!^'*) and 
dim kerpj (9') = 1. This implies that the elements x'^^^ , x'^^' , . . . , x'^™^ , x'^+^l are a if-basis for the 
vector space V where 

x'M := 8'"'+^-' * , z = 0, 1, . . . , m; 

and the elements x'^^' , x'l^l , . . . , x'^™' are a X-basis for the vector space V. Then the elements 

^'[0] ^'[1] T-'M J^n+l] [m+2] 

are a iiT-basis for the vector space Pi . The if- linear map 

ip:Pi^ Pi, ^ x'W (i = 0, 1, . . . ,m), x^^l a;!^'! (j > m), (17) 

belongs to the group (l+F)* — GLoo{K) ~ Inn(I[i) (by Theorem l3.1l (2)) and satisfies the property 
that d'ifi = ifd, the equality is in End^^ (Pi). This equality can be rewritten as follows: 

aj^-i(T((9) = d where uj^p-i G Inn(Ii). 

By Theorem 13. 6[ uj^p-ia = e, hence tr G G'^. 

2. Statement 2 follows from statement 1 and the fact that Inn(Ii) ~ (1 + F)* ~ GLoo(if ) (by 
Theorem ET]). 

3. [Gi,Gi] = [Ti K GL^{K),T^ k GLo^{K)] = [T\GLoo{K)][GL^iK),GL^iK)] = SL^iK) 
since [T\GLooiK)] C SL^oiK) and SLoo(if) = [GL„o(i^), GLoo(if )]. Now, Gi/[Gi,Gi] ~ x 
GLoo(if)/SLo,(if)=iTi xTi. 

4. Statement 4 follows from statements 1 and 2 and the fact that the group GLoo{K) is 
generated by the elements 1 + Xcij and 1 + /ien where i j, X & K* , and /i G i4r\{ — 1}. □ 
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Corollary 4.4 ^(d) = and ker(^) = Inn(Ii). 



Proof. The homomorphism ^ maps isomorphically the torus onto its image, and ^(Inn(Ii)) = 
{e} (by TheoremEU]). Therefore, ^(Gi) = and ker(^) = Inn(Ii) since d = ix Inn(Ii). □ 

Every algebra endoniorphisni of a simple algebra is a monomorphism. The algebra Ii is not 
simple but the same result holds. 

Theorem 4.5 Every algebra endomorphism of the algebra Ii is a monomorphism. 

Proof. Recall that is the only proper ideal of the algebra Ii , andli/i^ = Bi :— K[H][x,x^^;ai] 
is a simple algebra where a\{H) = H — 1. Suppose that 7 is an algebra endomorphism of Ii which 
is not a monomorphism, then necessarily "f{F) = 0, and the endomorphism 7 induces the alge- 
bra monomorphism 7 : Bi — ?■ Ii, a + F t-^ 7(a)- We seek a contradiction. Since d J = 1 and 
/ = 1 — eoo, we have the equalities j{d)'-f{J) = 1 and jij)j{d) = 1, i.e. the elements j{d) 
and 7(/) are units of the algebra Ii. Therefore, the images of the elements 7(9) and 7(/) in the 
algebra Bi under the epimorphism tt : Ii — >■ i?i belong to the group of units of the algebra Bi 
which is K*, hence 7r(im(7)) C K{tt^{H)), a commutative algebra. This is impossible since the 
algebra im(7) ~ i3i is a simple non-commutative algebra. This contradiction proves the theorem. 
□ 

Question. Is an algebra endomorphism of the algebra Ii an isomorphism? The same question 
we can ask for In, see Theorem \5.19\ 

This question has flavour of the Question/ Conjecture of Dixmier |12| : is an algebra endomor- 
phism of the Weyl algebra an isomorphism ? 

5 The group of automorphisms of the algebra I„ 

In this section, it is proved that Gn = S*,! kT" Klnn(I„) fTheorem lS.Sp . the groups Inn(^) and ker(^) 
are found (Theorem[531(3,4)). The group G„ has trivial centre fTheorem l5.15p . For each automor- 
phism a of the algebra I„, an explicit inversion formula is given via the elements{tT(9i), cf{ J.) \ i = 
1, . . . ,n} (Theorem 15. 14p . It is proved that no proper prime factor algebra of the algebra I„ can 
be embedded into I„ (Theorem I5.19|) . It is shown that each automorphism of the algebra I„ of 
scalar integro-differential operators can be uniquely extended to an automorphism of the algebra 
I„ (Theorem EHI). 

The group G„ := AutA'-aig(-B„). Recall that B„ = K[Hi, . . . , Hn][z^^ , . . . , z^^;ai, . . . , an], 
ai{Hj) = Hj—Sij. The algebra _B„ contains the Laurent polynomial algebra Ln '.= K[z^^ , . . . , z^^]. 
The set L'n := {(pr) € m\z,^ ^ •^ilfj.Vi ^ j} is a /^-subspace of m Clearly C L'n and 

L'n ^ ®i=iK[zi,z:^^] = {{Pi)\Pi e if [zj, Zj^^]}. The elements Hi + pi, . . . , Hn + Pn (where 
Pi e Ln) of the algebra Bi commute iff (pi) G L^. 

Consider the following automorphisms of the algebra i?„: for i = 1, . . . , n, 

n n 

a: z^^ Zj*', Hi ^ ^ Hjhj^, (a = {a^j) G GL„(Z), (6„) = a"^) 

i=i i=i 

ty,: ^ A,z„ H, ^ iJ„ (A = (A,) e if*") 

Sp : Zi 1-^ Zi, Hi ^ Hi +pi, {p = (pi) e L'^) 

and the subgroups they generate in the group G„: 
nn := {a I a £ GL„(Z)} 2. GL„(Z)°p, T" := {t^ \ A e if™} ^ if™, Sh„ {sp\p & L'n} ~ L'n. 
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The group f7„ is isomorphic to the opposite group GL„(Z)°p of the general hnear group GL„(Z) 
via a 1-^ a. Reeah that as a set GL„(Z)°p — GL„(Z) but the group structure on GL„(Z)°p is given 
by the rule aob = ba, the matrix multiplication. The group GL„(Z)°p is isomorphic to the group 
GL„(Z) via a a^^. 

For each nonzero element a G Z", the set Supp(Q;) := {i\ai ^ 0} is called the support of a, 
and min(a) denotes the minimal number in the support of a. The following lemma gives a K-hasis 
for the vector space L^. Recall that C L'^. 

{0 i/i^Supp(a), 
1 ifi^ min(a), 

^^^^ ifieSupp{a). 

Proof. It is obvious that i'„ 3 R where R is the RHS of the equality. Each direct summand 
Kz°' of the Laurent polynomial algebra K[zi^ , . . . , z^^] = ®QgZ" invariant under the 

actions of the if -derivations ^i^^, ■ • • , -^^n gf- since Zi = a^z". Therefore, a if-basis for the 
vector space LJ^ can be chosen in such a way that every element of the basis is of the type (Ajz") 
where ^ (A,) G if", a G Z" and 

aiXj — oijXi for all i ^ j. (18) 

If a = then there is no restriction on the scalars and we get the vector space K". 

If a 7^ then either Anjin(Q,) 7^ or A,„in(Q) = 0. In the first case, the space of solutions to 
the system of linear equations (ITS)) is K{Xi) where the vector (Ai) G if" is as in the lemma. If 
Amin(Q) = then A^ = for all i = 1, . . . , n. Now, the lemma is obvious. □ 

We can easily verify that 

atxa~^ = t^^-i, aspo'^ = Sa(p)a, txSpt~^ = ■5tA(p)' (19) 

where A''"' = (A^, A^ := JlJ^i -^j'' > (btj) = a"^j_a(p)a = (p^, p'^ = Ej=i afe)aj*; ^^ip) = 
{tx{Pi))- It follows that the subgroup of the group G„ generated by the three subgroups above is, 
in fact, the semi-direct product f2„ x T" ix Sh„ since 

n n 

at\Sp : Zi i-^ XiY\_z° H,^J2H,bj, + atx{p,), (20) 

and so at\Sp = e iff a = e, A = 0, and p — 0. Theorem 15.21 shows that this is the whole group of 
automorphisms of the algebra i?„. 

Theorem 5.2 1. G„ = r2„ k T" k Sh„ ~ GL„(Z)°p k if*" k L'^. 

2. Z{Gn) = {e}. 

3. Let n>2. Then [G„, G„] [1^„, r2„] k T" k Sh„ and G„/[G„, G„] ~ Z2. 

Proof. 1. Let a G G„ and G„ be the skew direct product r2„ k T" k Sh„. Recall that G„ C G„. 
It remains to show that the reverse inclusion holds. The automorphism a of the algebra i?„ 
induces an automorphism of its group of units i3* = [J^^^„ K* z" . Then a{zi) = Ai J^"^-^ z^ '^ 
for i = 1, . . . ,n, where Ai G if* and a = (aij) G GL„(Z). Replacing the automorphism a with 
tf^a^^a for some /i G if*" we may assume that a{zi) = Zi for alH = 1, . . . , n. Then, for all indices 
i,j = l,...,n, 

[cr{Hi) - Hi,Zj\ = cj{[H.i,Zj\) - [H^, Zj] = cr{6ijZj) - S^jZj = S^jZj - SijZj = 0. 
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Therefore, pi (j{Hi) — Hi ^ Cen^^ (zi, . . . , Zn) — L^- The elements a{Hi), . . . , a{Hn) commute, 

dp ' dpi 

= [(T{H,),a{Hj)] = [H, +Pi,Hj + pj] = [H„pj] - [Hj,pi\ = z,—^ - Zj-—^. 

C Z^i C Zj 

Therefore, [pi) G i.e. a — Sp <^ G„, and so G„ C G„. 

2. By Theoreni l4.1l (2). we may assume that n > 2. Let z € Z{Gn)- By statement 1, z = at\Sp. 
By ([T^. for all elements b € J7„, bat\Sp = bz = zb — abtxbSi,-i(p^ij-i. Then A = (1, . . . , 1) and 
b £ 2'(i7„) = {±e} where — e : Zi i— •Zj""'^, -ffj ^ ^Hi, for all i = 1, . . . , n. Since (— e)spS(2j ^ 
S(2i,....z„) (~e)sp, we have 2; — Sp. The equalities St;^(p) — txSpt^^ — Sp for all tx G T" imply that 
p G ii'". The equalities Spa = Sf^(^p^^ = aspa~^ = Sp for all elements a G fi„ imply that p = 0, and 
so z = e. Therefore, Z(ri„) — {e}. 

3. Let R be the RHS of the first equality in statement 3. Then R C [G„,G„] since [E ~ 
Eij,tx{j)] = tx{i) where tx{i) G T^(i), E G Af„(if) is the identity matrix, Eij G Mn{K) are the 
matrix units, and 

[<2(i),S_jL2_] = Sfc„, [(-e),S_M^J = Sf,e, 

where a G Z" with ^ 0, and the set {ei, . . . , e„} is the standard A'-basis for the vector space 
K^. The reverse inclusion R I) [G„, G„] is obvious since the factor group G„/i? ~ r2„/[ri„, r2„] ~ 
GL„(Z)/[GL„(Z), GL„(Z)] ~ Z2 is abelian. Now, it is obvious that G„/[G„, G„] ~ Z2. □ 

A characterization of the elements of the group G„. For each automorphism a of the 
algebra I„, the next lemma gives explicitly the map if G Aut/f (P„) such that a — (see Corollary 
13.31 (2)). Lemma [5.31 is used at the final stage of the proof of Theorem 15.51 

Lemma 5.3 For each automorphism a of the algebra I„, there exists a K -basis {x'^°'^aeN^ of the 
polynomial algebra P„ such that a{Hi) * = (a^ + and a{di) * x'^"' = a;'!"-^;] Jq^- all 

i = l,...,n (where x'^^^ := if l3 e Z"\N";. Moreover, 

1. a = where the map ip G Auti<-(P„); x^") ^ a;'["l is the change-of-the-basis map, 

2. a{J.) * x'H = for alli^l,..., n, and 

3. the basis {x'^"^} a&>i^ is unique up to a simultaneous multiplication of each element of the 
basis by the same nonzero scalar. 

Proof. Recall that the polynomial algebra P„ — ®^gf^„ Kx^"'^ (where x^°'^ := Y[7=i 'ir) 
the direct sum of non- isomorphic, one-dimensional, simple K[Hi, . . . , _ff„]-modules (see (jlip ) such 
that di * = a;!"-'^'] for ah a G N" and i = 1, . . . , n (where xl'^l := if /3 G Z"\N"). RecaU 
that a = aip for some linear map if G Aut/f (P„), the linear map 95 : -P„ — !■ Pn is an I„-module 
isomorphism (Corollarv I3.3l f2)). and the map ip is unique up to a multiplication by a nonzero 
scalar since Endi[„(P„) ~ K (Corollary [331(1)). Let x'l"! := <^(a;["l) for a G N". Then the 
fact that the map ip is an I„-module homomorphism is equivalent to the fact that the following 
equations hold: 

(T(iJ,) * = ^H,ip~^ip * = (a, + l)ip * x^"^ = {a, + l)x'^°'\ 

a{d^) * = ^diip~^ip * = ip * = x'l"*-'''!, (x'l'^l := 0, ^ G Z"\N") 

J i J i 

Note that the last equality follows from the previous two: by the first equality, the polyno- 
mial algebra P„ ~ ©ogN" Kx'^"^ is the direct sum of non-isomorphic, one-dimensional, simple 
K[a{Hi), a(i/„)]-modules. Since a{H,)aiJ^) * x'H = a{H, /J * x'H = a{liH, + 1)) * x'M = 
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a{f^){(T{Hi) + 1) * x'H = {a, + 2)cr{J^) * x'H for all i, we have a(/^) * x'H = A,,c«a;'["+^'l for 
scalar Xi^a which is necessarily equal to 1 since 



Since the isomorphism (/? is unique up to a multiplication by a nonzero scalar, the basis {a;'["l} is 
unique up to a simultaneous multiplication of each element of it by the same nonzero scalar. The 
proof of the lemma is complete. □ 



{K=liH^ + a,)^' I {a,) e Z", (n,) e N"} of I„ where (H, + a,)* := 



The group G„ is a subgroup of G„. In [10], it is proved that the Jacobian algebra A„ = 
S^^ln is the two-sided localization of the algebra I„ at the multiplicatively closed subset S :— 

Hi + a.i if tti > 0, 
(iJj + ai)i if ai < 0, 

and {Hi — j)i := Hi — j + ej_ij_i(i) for j > 1. The elements of the set S C Endx(fVi) are 
invertible linear maps in P„, i.e. S C Autx(P„), and so are regular elements of the algebra 
since I„ C Endi<-(P„). 

Theorem 5.4 _Z. G„ = {cr G G„ | ct(I„) = !„} and G„ is a subgroup of Gn- 

2. Each automorphism of the algebra I„ has a unique extension to an automorphism of the 
algebra I„. 

Proof. 1. Statement 1 follows from statement 2: the set {a £ G„ | cr(In) = I„} is a subgroup 
of the group G„ that is mapped isomorphically onto the group G„ via tr i— >■ ct|i„, by statement 2. 

2. It suffices to prove that each automorphism a of the algebra I„ can be extended to an 
automorphism of the algebra A„, since then its uniqueness is obvious as A„ = 5^^I„. By Corollary 
I3.5l f2) and Lemma 15. 3[ there exists an I„-module isomorphism 93 ; P„ ^ Pn which is unique 
up to K* , and a{a) = ipaip~^ for aU a £ I„. Using the JiT-basis {a;'!"!}^^^^ of Lemma [531 we see 
that all the elements {cr(s) | s £ 5} are invertible in Endif ("^Pn) = Endx (Pn). By the universal 
property of localization, the algebra monomorphism !„ End/fC^Pn), a H> (p H> a{a)p), can be 
extended uniquely to the algebra homomorphism A„ — >■ Endi<-('^P„), s~^a ^ {p ^ a{s)~^a{a)p) 
where s £ and a £ I„. It is obvious that the extension is an algebra monomorphism since 
ct{S) C Auti<-('^P„). Therefore, the A„-module "'Pn is simple and faithful (since the I„-module 
'^P„ is simple and I„ C A„). The A„-module P„ is the only (up to isomorphism) simple and faithful 
A„-module (Corollary 2.7.(10), 0), and EndA„ (Pn) — K. Therefore, there exists a unique (up to 
K*) A„-module isomorphism -0 : P„ — '^P„ such that (T(a) = tpaip'^ for all elements a £ A„. In 
particular, the map ip is an I„-module isomorphism. Therefore, K*'ip — K*ip since Endi„ (Pn) — K . 
Without loss of generality we may assume that tp ^ ip. Therefore, the automorphism a £ G„ can 
be uniquely extended to an automorphism of the algebra A„ . □ 

For each natural number d> 1, there is the decomposition K[xi] = (0^Zq Kxj) ©(®fc>^ Kx\). 

The idempotents of the algebra I„, p(i, d) :~ X]j=o 6jj(*) and q{i, d) := 1 —p{i, d), are the projec- 
tions onto the first and the second summand correspondingly. For a subset / of the set {1, . . . , n}, 
CI denotes its complement. Since P„ — ®^^iK[xi], the identity map 1 = idp„ on the vector 
space Pn is the sum 

n 

l^^{p{i,d)+q{i,d))^ p{I,d)q{CI,d) (21) 

i=l 7C{l,...,n} 

of orthogonal idempotents where p{I,d) :— Y\i(=iP{i,d), q{CI,d) := Hiec/ Pi^^^) ■— 1' 
and q{%,d) := 1. Each idempotent p{I,d)q{CI,d) £ I„ C Endx(Pn) is the projection onto the 
summand Pn(/, d) in the following decomposition of the vector space P„, 

P„- P„(/,d), P„(/,d) :=0{i^a;H|a^<d, if ie/;a^. >d, if jeC/}. (22) 

/C{l,...,n} 
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In particular, the idempotent q{{l, ... ,n},d) is the projection onto the subspace P„({1, . . . , n}, d) 
0{ii'a;["] I ah a, > d}. 



The group G,i and a formula for the map ip such that a = a^. By Theorem 13. 6[ each 
element a = ^ G„ (Corollary 13.31 (2)) is uniquely determined by the elements cr(9i), . . . , a{dn). 
In the proof of Theorem 15.51 8.n explicit formula for the map ip is given, ([26]), via the elements 
<t(5i), . . . ,cr(9„). 

By the very definition, the group ker(^) (see ([8])) contains precisely all the automorphisms 
a G G„ such that 

a{J)=J^ mod On, a{di) = di mod a,i, a (Hi) = Hi mod a„, i = l,...,n. (23) 

Theorem 5.5 i. G„ 5„ k T" k Inn(I„). 

2. G„ = Sn K T" K ker(^). 

3. im(0 = Snt< T\ 

4. ker(0 =Inn(I„). 

Proof. 1. Statement 1 follows from statements 2 and 4. 

2. Statement 2 follows from statement 3: suppose that im(^) = Sn x T", then the homomor- 
phism 5 maps isomorphically the subgroup Sn x T" of G„ onto its image, and so statement 2 
follows from the short exact sequence of groups: 1 ker(^) G„ — ?► im(^) — ;> 1. 

3. Let a G G„. We have to show that there exists an element cr' G S'„ k T" such that the 
automorphism crV satisfies the conditions (1^^ . By Theorem 15.41 a £ G„. By (Corollary 7.5, 
[H]), (7[Hi) = mod for alH = 1, . . . , n and for some element r 6 5„ where is the only 
maximal ideal of the algebra A„ (Theorem l2.2l) . Then T~^a{Hi) = Hi mod aj^ for all i — 1, . . . ,ti, 
and so T~^a{Hi) — Hi £ I„ n = a';^ = a„ (Theorem l2.2p . For the automorphism ^(r^^cr) G G„, 
we have the action (|20)) . 

^(r~V) : AiZi, H^^H^, i = l,...,n, 

for some element (A^) G iC™. Then i^V^V G ker(C) where A (A,). Therefore, im(0 = Sn«T\ 

4. By Theorem 13. II (2). ker(^) D Inn(I„). Let cr G ker(^). It remains to show that a G Inn(I„). 
Fix a natural number d such that 

) - / e ^ I„-i,fc «> ( 5Z ^e,t(/c)) (24) 

fc=l s,t=0 

for all i = where In-i,fc (S'j^^fe ^i(j)- By Lemma 15.31 c = cr(^ : a >■ ipayy^^ where 

ip G Auti<-(P„) : a;["] i— >■ a:''"' is the change-of-the-basis map (see Lemma [5.31) . By the choice of 
the number d above, for each element x^"! G P{(l),d), cr{Hi) * x'"' = Hi* x'"' = (a^ + l)a;["l and 
CT(9i) * xl"! = 9i * a;["l = for alH = 1, . . . , n. By multiplying the map iy9 by a nonzero scalar, 

by Lemma 15.31 we may assume that 

j.'io'] ^ r^H foj. all a = {a^) G N" such that ai > rf, . . . , a„ > d. (25) 
It suffices to show that </5 G In (since then ip^^ G I„ as a^^ — cr^-i). This is obvious since 

<^=g({i,...,n},d)+ j2 (E n'^(^r"')-n r "'■^-WM^'^MC'^''^) (^6) 
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where Cd{I) ■= G | all ai < d}, eaa{I) '■— Hie/ ^ai^i (Oi ^iid d is as in ([M)) . To prove 

that this formula holds for the map ip we have to show that (/3 * a;'"' = x'^°^ for all a £ N". For 
each a, let I ■={i\ai< d}. Then a;H = Jlie/ ^1"'' " Hfeec/ ^^L""'- K ^ 7^ then 

^ * xN = n -K"' ) • n * n ■ n 4-^-' = n -(^r^^ ) * n ■ n 4-^-' 

j&i iei iei keci jei iei keci 

If / = then ip * = lii^, . . . , n}, d) * a;["l = x'"' = x'l"! . The proof of the theorem is complete. 
□ 

Corollary 5.6 Let a G Inn(I„). Then there is a unique element G (1 + a,i)* such that a{a) — 
ipaip~^ for all elements a G I„, and the element ip is given by the formula \26\) . 

Proof. The element G (1 + Qn)* such that cr(a) = ipaip^^ for all a G I„ is unique by 
Theorem 13.11 (2'). By the very definition, the element ip G I* from ([25)) satisfies (p ^ I mod a„ 
and (T(a) = ipaip^^ for all a G I„. Therefore, both ip^s coincide. □ 

Corollary 5.7 Out(I„) ~ x T". 

Proof Out(I„) = G„/Inn(I„) = 5„ k T" k Inn(I„)/Inn(I„) ~ S*,! k T". □ 

Recall that T-Li :— {pi, . . . , p„} is the set of height one prime ideals of the algebra I„. The next 
corollary describes its stabilizer StG„(^i) := {cr G G„ | o'(pi) = pi, . . . ,cr(pn) = Pn}- 

Corollary 5.8 Stc.CHi) = T" k Inn(I„). 

Proof It is obvious that StcJ^i) ^ R -.^ T" x Inn(I„) and Sn n StG,.('Hi) = {e}. Now, 

stG„ (Hi) = G„ n stG„ (Hi) = (5„ K i?) n stG,. (Hi) = {Sn n stG„ (Hi)) k i? = i?. □ 

The algebra I„ = ©^g^" ^ Z"-graded subalgebra of the Jacobian algebra A„ = 

0aeZ"-'^n,a' ^cc (10]. The group Autz>^_gr(A„) := {cr G G„ | (t(A„,„) = A„_a for aU a G Z"} 
of Z"-grading preserving automorphisms of the algebra A„ is equal to StG„(-Hi, ■ • • , Hn) ■— {c G 
G„ I a{Hi) = Hi,..., a{Hn) = H„} and StG„ (Hi, ... , iJ„) = T" x U„ (Corollary 7.10, [1]) where 
the subgroup U„ of G„ is defined as follows. Recall that A„ = S'~^I„. Let H^ be the subgroup of 
A* generated by the commutative monoid S C A* . Then the group Hn = Yii=i Hi(i) is the direct 
product of its subgroups Hiii) := {UJ>oiH^ + .iT' ■ n,>i(H» - j)""^ | {nk)kez G Z(^)} ~ Z(^), 
and so H,i ~ (Z")*^^^. Each element u = ui • • • m„ G H„ where G Hi(i) determines the auto- 
morphism /i„ of the algebra A„ (see for details) , 

Hu-Xi^ XiUi, Ui ^ u~^yi, Hf^ ^ ijf \ i = 1, . . . , n. 

ThenU„ := {;*„ | u G H„} (Z")(^). Let StG„(Hi, . . . ,iJ„) := {a G G„ | a{Hi) ^ Hi, . . .,a{Hn) = 
H„}. 

Corollary 5.9 1. StG„ (Hi, ... , i?„) = T". 

2. Let a,T £ G„. T/ien <j{Hi) — t{Hi), . . . ,a{Hn) = T(ff„) iff a ~ Tt\ for some element 
t^ G T". 

5. Autz._g,(I„) = StG„(Hi,...,iJ„) c Autz"_gr(A„). 
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Proof. 1. Since G„ C G„ (Theorem EH), 



StG„ . . . , H„) = G„ n StG„ {Hi,..., Hn) = G„ n T" X U„ = T" x (G„ n U„) = T" 

since G„ n U„ = {e}, by the very definition of the group U„. 

2. Statement 2 follows from statement 1. 

3. Since A„ = S~^In, S C I„_o and G„ C G„, we have the inclusion Autzn_gr(In) C 
Autz._gr(A„). Now, Autz._g,(I„) = G„nAutz._gr(A„) = G„nT"xU„ = T" = StcJ^i, • • 

by statement 1. By statement 1, the inclusion Autzn_g].(I,i) C Autzn_gi.(A„) is a strict inclusion 
since Autz..-gr(A„) = T" x U„ (Corollary 7.10, □ 

The canonical form of cr G G„. By Theorem 15.51 each automorphism a of the algebra I„ is 
a unique product st\uj^p where s S iS^, tA G T", and uj^p is an inner automorphism of the algebra 
I„ with e (1 + a„)*, and the element ip is unique fCorollarv l5.6l) . 

Definition. The unique product a = stxuj^ is called the canonical form of the automorphism 
a of the algebra I„ . 

Corollary 5.10 Let a G G,i and a — st\U)^ be its canonical form. Then the automorphisms s, 
t\ and uj^p can be effectively ( in finitely many steps ) found from the action of the automorphism a 
on the elements {Hi, di, J. \ i = 1, . . . ,n}: 

a{H.i) = Hs(i) mod a„, a{d.i) = X^^ dg.i) mod a„, a{ ) = Xi / mod a„, 

Ji Js{i) 

and the elements ip and ip^^ are given by the formulae i26\) and ^27^ ) respectively for the automor- 
phism {st\)~^a G Inn(I„) = ker(^). 

The next corollary is a criterion for an automorphism of the algebra I„ to be an inner automor- 
phism. 

Corollary 5.11 Let a G G„. The following statements are equivalent. 

1. a e Inn(I„). 

2. a{di) = di mod a„ for i ^ 1, . . . ,n. 
3- ^(/j) = /, anfori = l,...,n. 

Proof. The result follows from Theorem 15.51 f4) and Corollarv l5.10l □ 
Corollary 5.12 Let <t G G„ . Then G T" x Inn(I„) iff a{Hi) = Hi mod a„ /or i = 1, . . . , n. 
Proof. This follows from Theorem 15.51 (4) and Corollary 15.101 □ 

A formula for the inverse ip~^ where a = € Inn(I„) via a{di) and o-{Jj)- By Corollary 
15. 6[ for each inner automorphism a G Inn(I„) there exists a unique element ip G (1 + o„)* such 
that cr = CT^ ; a ipaip^^ for all a G !„. The next theorem presents a formula for the inverse Lp~^ 
via the elements {a-{di), o'{J^) \ i — 1, . . . , n}. 

Theorem 5.13 Let a ^ a^p Inn(I„) where iy9 G (1 + a„)* (a^{a) = ipaip~^ for all a G !„, see 
Corollarv \5.6\) . Then = cr^-i and 

ip-'^q\{i,...,n},d)+ ( E n^r"^-n^(/)'"""<"Wy(/,rfy(c^/,d) (27) 

0#/C{l,...,n} aeCd(I}jeI i€l '' ^ 

where d is as in for a = a^, e^„(/) :== Hi^j e'^^^ii''') "''"■d e'jj{i) := a{ejj{i)) = a{J^ya{diy - 
a{J^y+'<j{d,y+\- P'{l,d) := n.e/P'(^rf) and p'{z,d) a{p{^,d)) = E^Zo^'j^i^); q'{CI,d) := 
a((j(C/,d))=aec/(l-P'(d,*)). 



21 



Proof. We keep the notation of the proof of statement 4 of Theorem 15.51 In particular, 
: P„ = 0^gp,„ Kx^"'^ -■ Pn = 0„eN" Kx'^"'^ a;["l ^ x'H. For each a £ N", the projection onto 
the summand Kx'^"^ of the polynomial algebra P„ is equal to ipeaa^^^ = o'(eaa)- For each subset 
/ of the set {1, . . . ,n}, let 

P;(/, d) := (^(P„(/, d)) = 0{ifa;'M | a, < d if i G /; a, > d if j G C/}, 

see (HH). Since : P„ = 0/c{i,...,n} c?) ~ P„ = 0/c{i,...,n} ^n(-^' ^^e projections onto 
the summand P,' (/, d) of P„ is equal to 

MI, d)q{I, = a{pil, d)q{I, d)) = (t(p(/, d)) - d) 

where p'(I,d) — a{p{I,d)) and q'{I,d) = a{q{I,d)). Then the inverse map Lp^^ of the map Lp in 
(PSI is given by d^T]). To prove this let V be the RHS of (HH). We have to show that i/^ : x'l"! ^ 

for all a e N". Fix a, and let I := {i\ai < d). Then x'H = Il^e/^^i'"'' ' Ilfcec/^"''- ^ ^ 7^ 
then, by Lemma 15.31 

^ * = n ^r"^ • n h'-^- * n • n -t-' - n ^r^^' * n • n -t-' 

jei iei ' ie/ feec/ je/ ie/ feec/ 

If / ^ then V * a;'["l = q'{{l, . . . , n}, d) * x'^ = a:'["l = a;^, by ([23. This finishes the proof of 
the theorem. □ 

An inversion formula for a G G„. The next theorem gives an inversion formula for a via 
the elements {a{di),a{f^) \ i — 1, . . . , n}. 

Theorem 5.14 Let a G G„ and a ~ st\uj^ be its canonical form where s Sn, tx ^ T" and 
Lo^p G Inn(I„) for a unique element ip ^ {1 + a„)*. Then 

= s^^ts{x-^)^st>,{ip-^) (28) 

is the canonical form of the automorphism a^^ where the elements Lp~^ and Lp are given by the 
formulae \21^ and i26\) respectively for the automorphism {st\)~^a G Inn(I„). 

Proof a^^ ^ • st'^s^'^ ■ stxuj^^{stxy^ = s"^is(A-i)Wst;,(i^-i)- □ 

Theorem 5.15 The centre of the group G„ is {e}. 

Proof. Let a be an element of the centre of the group G„. For all elements a, (3 G N", 
1 + G (1 + a„)*, and so Wi+e^^ G Inn(I„). Then Wi+e^^ = crwi+e^^cr"^ = and so 

1 + ^afs = 1 + (j{eaj3) (Theorem [nTj(2)), i.e. e^^ = o-{eaf3)- By Corollary 13. 7[ cr = e. □ 

Let _ff be a subgroup of a group G. The centralizer CenQ{H) := {g ^ G \ gh = kg for all h G 
} of iJ in G is a subgroup of G. In the proof of Theorem l5.15( we have used only inner derivations 
of the algebra A„. So, in fact, we have proved there the next corollary. 

Corollary 5.16 CenG„ (Inn(I„)) = {e}. 

For an algebra A and a subgroup G of its group of algebra automorphisms, the set := {a G 
A I cr(a) = a for all a G G} is called the fixed algebra or the algebra of invariants for the group G. 

Theorem 5.17 I^- = ij,""^") = K. 
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Proof. Since K C I^- c ijf^''-^ it suffices to show that iJT"^""^ = K. For aU a,/3 e N", 
1 + £ai3 G (1 + a„)*. Then wi+e^^) € Inn(I„). If a e ijf"'-''"-' then a = wi+e^^ (a), and so 
aea/3 = fiQ^a. By Lemma [5.181 (1). a (z K. Therefore, iJi""'""-* = K. D 

Lemma 5.18 1. Ccni„ {{cap \a,(3 e N"}) = if. 

2. Cen][,^(a) = X /or all nonzero ideals a of the algebra I„. 

Proof 1. Recall that I„ ~ 1°^ and F„ = 0^ ^gN" ^^aP is the least nonzero ideal of the algebra 
I„. Hence, Fn is a simple I„-bimodule. Since 

we have JsT ~ Endi.JPzn) ^ Ceni„(F„) = Ceni„({e„/3 1 a,/3 £ N"}). 

2. Since C a, we have K C Ceni^(a) C Ceni^(i^„) = K, by statement 1. Therefore, 
Ceni„(a) ^ K. D 

Theorem 5.19 No proper prime factor algebra of In can be embedded into !„ (that is, for each 
nonzero prime ideal p of the algebra I„, there is no algebra monomorphism from I„/p into I„j. 

Proof By Corollary [531 (7), P = H ^Pis- Without loss of generality, we may assume that 

p = pi+- • •+ps. Suppose that there is a monomorphism / : I„/p ^ I„, we seek a contradiction. For 
each element a G In, let a := a+p. Notice that, for i = 1, . . . , s, = 1 and J^di = 1 — eoo(i) = 1 
since eoo(i) G pi ^ p- The elements {di,J- \ i — l,...,s} are units of the algebra I„/p, hence 
their images under the map / are units of the algebra I„, i.e. /(/J, f{di) G = K* x (1 + a„)* 

(Theorem[3TTJ(l)). We see that the image of the simple noncommutative algebra Bg := Ig/cis under 

f 

the compositions of homomorphisms Bs := Is/<^s — > In/p ^ In ^ Bn — In/cin is the subalgebra 
of Bn generated by the images of the commutative elements Hi, . . . , iJ„, a contradiction. □ 

The next lemma shows that in the algebra I„ there are non-invertible elements that are invert- 
ible as elements of the algebra Endx(^'n)- 

Lemma 5.20 i; g n AiitK{Pn)- 

Proof. The element 1 — di d End^ (i4r[xi]) is an invertible linear map since di is a locally 
nilpotent derivation of the polynomial algebra hence u := Yli^ii^—di) G InnAutK(P„). But 

w ^ I* since the element u+an is not a unit of the factor algebra Bn — In/ Qn as B* = IJaGZ" K*d°'. 
Therefore, g In n Aut/f (Pn). □ 

The group ^„ ~ Aut;<-_aig(2:n)- 

Definition, 5 . The algebra §„ of one-sided inverses of P„ is an algebra generated over a field K 
of arbitrary characteristic by 2n elements xi, . . . ,Xn,ym ■ ■ ■ iVn that satisfy the defining relations: 

yixi = ■■■ = ynXn = 1, [xi,Vj\ = [xi, Xj] = {y^, = for all i ^ j, 

where [a, b] ab — ba is the algebra commutator of elements a and b. Let Gn Autj^'_aig(Sn)- 

By the very definition, the algebra §„ ~ §f " is obtained from the polynomial algebra P„ by 
adding commuting, left (but not two-sided) inverses of its canonical generators. The algebra §i 
is a well-known primitive algebra |14) . p. 35, Example 2. Over the field C of complex numbers, 
the completion of the algebra Si is the Toeplitz algebra which is the C*-algebra generated by 
a unilateral shift on the Hilbert space Z^(N) (note that j/i — x\). The Toeplitz algebra is the 
universal C*-algebra generated by a proper isonietry. 

The algebra I„ :— K{di, . . . ,dn, J^, . ■ . , J^) of scalar integro-differential operators is isomorphic 
to the algebra S„ : 

Sn^In, 1-^ , yi^di, i^l,...,n. (29) 
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Since T„ = where K{di, and §„ = 0r=i where §i(i) := K{xi,yi), 

it sufBces to prove the statement for n = \. For n = 1, the algebra epimorphism Si Ii is 
an isomorphism since any proper epimorphic image of the algebra Si is commutative (see [S]) 
but the algebra Ii is non-commutative. The algebra S„ was studied in detail in [S], its group of 
automorphism and explicit generators were found in the papers [6] , [7] and [8] . 

Theorem 5.21 1. G,, ^ Sn « T" k Inn(X„) and Inn(Z„) = {w„ | u G (1 + a^)*} ~ (1 + 
a;„ I— >■ M, where := X]r=i ^nF{i) is the only maximal ideal of the algebra I„. 

2- Gn = W d Gn I cr{In) = In} = {fT G G„ | cr(X„) = X„} flnrf Gn is a subgroup of the groups 
G„ and G„. 

3. Each automorphism of the algebra I„ has a unique extension to an automorphism of the 
algebra I„ and A„ . 

v ' 

2^ — 1 times 

/'roo/. 1. In S„, G„ = Sn K T" K Inn(S„) and Inn(§„) = {w„ | u G (1 + a;')*} ^ (1 + a'^)*, 
I— > M, where is the only maximal ideal of the algebra S„, [5]. 

2. Statement 2 follows from statement 1, Theorem 15.51 Theorem 15.41 and Corollary 13.31 

3. Statement 3 follows from Theorem 13.61 

4. Gn^Snt< T" K GLoo{K) K • • • K GLoo(i^), [g. □ 

2"- — ! times 

6 Stabilizers of the ideals of I,^ in 

In this section, for each nonzero ideal a of the algebra I„ its stabilizer StG„(tt) ■— {ct G G„ | a{a) — 
a} is found (Theorem l6.2l) and it is shown that the stabilizer StG„(a) has finite index in the group 
G„ (Corollary 16. 3p . When the ideal o is either prime or generic, this result can be refined even 
further (Corollary 16.41 Corollary 16.51) . In particular, when n > 1 the stabilizer of each height 1 
prime of I„ is a maximal subgroup of G„ of index n (Corollary |6.41 fl)). It is shown that the ideal 
o„ is the only nonzero, prime, Gn-invariant ideal of the algebra I„ (Corollary 16.41 (3)). 

An ideal a of In is called a proper ideal if o 7^ 0,I„. For an ideal a of the algebra I„, Min(a) 
denotes the set of all the minimal primes over o. Two ideals o and b are called incomparable if 
neither a C b nor b Q a. The ideals of the algebra I„ are classified in [TU]. The next theorem 
shows that each ideal of the algebra I„ is completely determined by its minimal primes. We use 
this theorem in the proof of Theorem 16.21 

Theorem 6.1 [TO Let a be a proper ideal of the algebra I„. Then Min(a) is a finite non-empty 
set, and the ideal a is a unique product and a unique intersection of incomparable prime ideals of 
In (uniqueness is up to permutation). Moreover, 

«= n p= n p- 

peMin(a) pGMin(a) 

Let Sub„ be the set of all the subsets of the set {1,. . . ,n}. Sub„ is a partially ordered set 
with respect to 'C'. Let SSub„ be the set of all the subsets of Sub„. An element {Xi, . . . ,Xs} 
of SSub„ is called an antichain if for all i ^ j such that 1 < i,j < s neither Xi C Xj nor 
Xi ^ Xj. An empty set and one element set are antichains by definition. Let Inc„ be the 
subset of SSub„ that contains all the antichains of SSub„. The number c)„ := lliic„| is called the 
Dedekind number. The symmetric group Sn acts in the obvious way on the sets SSub„ and Inc„ 
(a-{Xi,...,X,} = MXi),...,a(X,)}). 



24 



Theorem 6.2 Let a be a proper ideal of the algebra I„. Then 

StG„(a) = St5„(Min(a)) k T" k Inn(I„) 

where Stg,, (Min(o)) {a e 5„ | o-(q) G Min(a) for all q e Min(a)}. Moreover, i/ Min(a) = 
{qi, . . . , q^} and, for each number t = 1, . . . , s, C{t = X^ie/ Pi some subset It of {1, . . . ,n}. 
Then the group St5^(Min(a)) is the stabilizer in the group 5„ of the element {/i, . . . , Ig} o/SSub„. 

Remark. Note that the group 

StG„(Mm(a)) = Sts„({/i, . . . := {a e 5„ | {a{h),.. .,ails)} - {h, . . .,/.}} 

(and also the group StG„(ci)) can be effectively computed in finitely many steps. 

Proof. Recall that each nonzero prime ideal of the algebra I„ is a unique sum of height one prime 
ideals of the algebra I„. By Theorem O and Corollary [Ell StG„(o) D StG„(Hi) = T" k Inn(I„)- 
Since G„ = 5„ k T" k Inn(I„) (Theorem [531(1)), 

StG„(a) = (StG„(a) n Sn) K T" k Inn(I„) = Sts„(a) k T" k Inn(I„). 

By Theorem [Ql Sts„(a) = St5„(Min(a)) = Sts„({/i, . . ■,/«}), and the statement follows. □ 

The index of a subgroup _ff in a group G is denoted by [G : H]. 
Corollary 6.3 Let a be a proper ideal of In. Then [G„ : StG„(a)] = \Sn ■ St5„(Min(a))| < oo. 
Proof. This follows from Theorem 15.51 fl) and Theorem 16.21 □ 

Corollary 6.4 1. StG„ (pi) — Sn-i x T" k Inn(I„), for i ~ 1, . . . ,n. Moreover, if n > 1 then 
the groups StG„(pi) are maximal subgroups of Gn with [G„ : StG„(pi)] — (^^/^^ — 1 then 
StGi(pi) = Gi, see statement 3). 

2. Let p be a nonzero prime ideal of the algebra I„ and h — ht(p) be its height. Then StG„(p) — 
{Sh X Sn-h) X T" K Inn(I„). 

3. The ideal a„ is the only nonzero, prime, Gn-invariant ideal of the algebra I„. 

4- Suppose that n > 1. Let p be a nonzero prime ideal of the algebra I„. Then its stabilizer 
StG„ (p) is a maximal subgroup of G„ iff the ideal p is of height one. 

Proof 1. Clearly, StG„(p,) n S„ = {r £ 5„ | t(p,) = pj ~ Sn-i- By TheoremE^l StG„(p,;) = 
Sn-i X T" K Inn(I„). When n > 1, the group StG„(pi) is a maximal subgroup of G„ since 

Sn-i StG„(p»)/T" K Inn(I„) C G„/T" x Inn(I„) 2± 5„ 

and Sn-i — {cr E Sn \cr{i) = i} is a maximal subgroup of Sn. Clearly, [G„ : StG„(pi)] — [Sn ■ 
S„-i] = n. 

2. By Corollary 12. 3l f9). p = p^^ + • • ■ + p^^ for some distinct indices ii,. . . ,ih G {!,..., n}. 
Let / = {ii, . . . , ih} and GI be its complement in the set {1, . . . , n}. Statement 2 follows from 
Theorem 16.21 and the fact that 

StG„(p) n Sn = {cT e Sn I a{I) = /, <J{GI) = GI} ~ Sh X Sn-h. 

3. Since a„ = pi + • • • + p„, statement 3 follows from statement 2. 

4. Statement 4 follows from statement 1 and 2. □ 

Next, we find the stabilizers of the generic ideals (see Corollary 16.51) . First, we recall the 
definition of the wreath product AlB oi finite groups A and B. The set Fun(i?, A) of all functions 
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f : B ^ A is a group: {fg){b) :— f{b)g{b) for all 6 e i? where g e Fun{B,A). There is a group 
homomorphism 

B ^ Aut(Fun(B, A)), bi ^ (f ^ b,{f) : b ^ f{b^'b)). 

Then the scmidirect product Fun{B,A) x B is called the wreath product of the groups A and B 
denoted A I B, and so the product in Al B is given by the rule: 

fibi ■ hb'i ^ fibi{h)bib2, where /i, /2 G Fun(B, A), bi,b2<^B. 

Recall that each nonzero prime ideal p of the algebra I„ is a unique sum p = X^ie/ Pi of height 
one prime ideals. The set Supp(p) :— {pi | i G /} is called the support of p. 

Definition. We say that a proper ideal a of I„ is generic if Supp(p) fl Supp(q) — for all 
p, q G Min(a) such that p 7^ q. 

Corollary 6.5 Let a be a generic ideal of the algebra I„. The set Min(a) of minimal primes 
over a is the disjoint union of its non-empty subsets, Min^j(a)lJ • • ■ IJ Min^i^ (o), where I < hi < 
■■■ < ht < n and the set Min/i;(a) contains all the minimal primes over a of height hi. Let 
Hi := |Min/i^(a)|. ThenStG„{a) = (5™ x HLil'S'/ii 'S'™;)) x T" k Inn(I„) wherem = n-J^i^i^i^T-i- 

Proof. Suppose that Min(o) = {qi, . . . , qs} and the sets /i, . . . , are defined in Theorem 16.21 
Since the ideal a is generic, the sets /i, . . . , are disjoint. By Theorem 16. 2[ we have to show that 

t 

St5„({/l, ...,/.}) ^ S,n X I 5„J. (30) 

1=1 

The ideal a is generic, and so the set {1, . . . ,n} is the disjoint union lJ*=o subsets where 

Mi :— U|/ |=ft -(ji i = 1, ■ • ■ and Mq is the complement of the set Mi. Let S{Mi) be the 
symmetric group corresponding to the set Mi (i.e. the set of all bijections Mi — )■ Mi). Then each 
element a G StG^({/i, . . . , Ls\) is a unique product cr = uqUi • ■ • cr* where Oi G S(Mi). Moreover, 
ctq can be an arbitrary element of S{Mo) — Sm, and, for j ^ 0, the element ai permutes the 
sets {Lj I \Lj\ — hi} and simultaneously permutes the elements inside each of the sets Lj, i.e. 
ai G Sh, I Sn, . Now, (1201) is obvious. □ 

Corollary 6.6 For each number s = 1, . . . ,ri, let bg '.— n|/|=s(X]iG/ P») '^^^''^ ^ runs through all 
the subsets of the set {1, . . . , n} that contain exactly s elements. The ideals bg are the only proper, 
Gn-invariant ideals of the algebra I„, and so there are precisely n + 2 Gn-invariant ideals of the 
algebra I„ . 

Proof. By Theorem 16.21 the ideals bs are G„-invariant, and they are proper. The converse 
follows at once from the classification of ideals for the algebra I„ (Theorem 16. ip and Theorem 16.21 
The ideals bs are distinct, by Theorem 16. 11 and so there are precisely n + 2 G„-invariant ideals of 
the algebra I„. □ 
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